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We theoretically investigate dynamics of magnetic hedgehogs, which are three-dimensional topo-
logical spin textures that exist in common magnets, focusing on their transport properties and
connections to spintronics. We show that fictitious magnetic monopoles carried by hedgehog tex-
tures obey a topological conservation law, based on which a hydrodynamic theory is developed. In
the high-temperature (paramagnet) regime, the topological stability of the hedgehog flows results in
an algebraically decaying drag signal in nonlocal transport measurements. The bulk-edge correspon-
dence between hedgehog number and skyrmion number, the fictitious electric charges arising from
magnetic dynamics, and the analogy between the low-temperature bound states of hedgehogs and
the quark confinement in quantum chromodynamics are also discussed. Our study points to a prac-
tical potential in utilizing hedgehog flows for long-range neutral signal propagation or manipulation
of skyrmion textures in three-dimensional magnetic materials.
Introduction.—A main theme of spintronics is the
utilization of spin degrees of freedom for information
transmission and processing [1, 2], either using spin-
polarized electric currents, or relying on spins alone to
free the transport from Joule heating. Some of the most
fundamental pure spin-current carriers are spin waves.
Magnons, the quanta of spin waves, have thus been pro-
posed to be promising data carriers in new computing
technologies [3–7]. A detectable diffusive spin transport
can be achieved via magnons in ordered magnetic insu-
lators [8] or even spin-conserving fluctuations in para-
magnets [9]. However, such spin currents typically un-
dergo exponential decay, once the propagation distance
exceeds the spin-relaxation length [2]. In alternative
transport regimes, where signals are expected to decay
algebraically, topology plays a crucial role [10–12]. Topo-
logical spin textures, such as chiral domain walls [13],
vortices [14–17], and skyrmions[18–20], are defined homo-
topically and are naturally accompanied by topological
conservation laws [10–12]. As a result of their topologi-
cal stability, they are promising to sustain long-distance
transport, even in the absence of local spin conservation.
Combined with their intrinsic nonlinearities, this can lead
to versatile applications in memory, logic devices, and en-
ergy storage [21–26].
While extensive studies have been devoted to spin
textures in low dimensions, three-dimensional textures
such as hedgehogs and hopfions are recently attract-
ing more attention for their rich physics in topological
phases [27–30] and dynamic properties [31, 32]. Hedge-
hogs, as metastable configurations, exist inherently in
three-dimensional Heisenberg magnets. In addition to
their potential applications as information carriers them-
selves, they can be utilized also as a handle to manipu-
late two-dimensional spin textures at interfaces and sur-
faces. It has been experimentally verified that skyrmion
textures can be unwound by sending a magnetic hedge-
hog through it [33]. In reverse, a hedgehog current can
load transverse skyrmion textures into a magnet. Be-
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FIG. 1. A schematic for nonlocal transport measurement of
hedgehog currents in a three-dimensional insulating magnet.
Two metallic contacts are bridged by a magnetic insulator
with hedgehog excitations. At high temperatures, hedgehogs
are free to diffuse, where black and white ripples stand re-
spectively for delocalized hedgehog and antihedgehog densi-
ties. Under the condition of a broken mirror symmetry along
the z axis, an applied electric current I along y within the
left metal can exert a torque on the magnetic texture, which
biases a hedgehog flow along x. This is analogous to lifting an
end of a water pipe, leading to a natural water flow. Recip-
rocally, the hedgehog flow reaching the right terminal builds
up a detectable electric voltage V within the metal. The
nonlocal drag resistivity, % ∝ V/I, quantifies the efficiency of
the topological hedgehog transport as well as their interfacial
exchange coupling with conducting electrons.
ing able to change the skyrmion number, it can also be
used to flip the polarity of a vortex core, while main-
taining the vorticity. More recently, a three-dimensional
hedgehog-antihedgehog lattice was discovered in the chi-
ral magnet MnSi1−xGex [27–29]. Advances in coherent
diffractive imaging and vector-field tomography now pro-
vide the possibility of direct observations of three dimen-
sional magnetic textures with a high resolution [34–36].
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2This experimental progress motivates further studies of
three-dimensional topological spin textures and their po-
tential for practical usage.
In this paper, we explore both topological and en-
ergetic properties of magnetic hedgehogs in three-
dimensional Heisenberg magnets to investigate their
long-distance transport. We develop their hydrody-
namic description in terms of the topological conser-
vation law in three dimensions, which is valid at ar-
bitrary temperatures, through which a bulk-edge cor-
respondence is established between the hedgehog num-
ber in the bulk and the skyrmion number on the bulk
boundary. We show that hedgehogs carry (fictitious)
magnetic charges by establishing a set of topological
Maxwell equations. At temperatures below the mag-
netic ordering temperature, hedgehogs and antihedge-
hogs are bound by a linear potential energy. In the
high-temperature regime, they proliferate and form a
two-component hedgehog-antihedgehog plasma. These
behaviors resemble the quark confinement [37, 38] and
the quark-gluon plasma [39] in quantum chromodynam-
ics (QCD). We propose to achieve a topological transport
of deconfined hedgehogs by driving an electric current
through a transverse metallic contact, which establishes
an energy bias for hedgehogs at the boundary, which trig-
gers their flow [see Fig. 1]. An algebraically decaying drag
signal is predicted in a nonlocal transport measurement.
Topological conservation law.—Let us first consider a
three-dimensional insulating magnet without account-
ing for its detailed energetics, but focusing on a field-
theoretic description for the topological aspects of its
vectorial order parameter n(~r, t), where the bold face is
used for axial vectors and the vector arrow marks po-
lar vectors. At low temperatures, the collinear mag-
netic order can be described by the directions of n as-
suming |n| = 1. This would render a sphere order-
parameter space S2, with a nontrivial second homo-
topy group pi2(S
2) = Z [40]. A point defect, named
hedgehog, with an integer-valued topological charge can
correspondingly be identified in n(~r, t). A familiar ex-
ample for a hedgehog placed at the origin is given by
n0 = {x, y, z}/|~r|.
In the high-temperature (paramagnet) regime, the cor-
responding (coarse-grained) vector field n(~r, t) ∈ R3 re-
alizes an R3 → R3 mapping at any given time t. This
field texture is devoid of defects characterized by the
aforementioned quantized charges, since the homotopy
group pi2(R3) is trivial [40]. Nevertheless, the smooth
field n(~r, t) exhibits a topological hydrodynamics gov-
erned by the topological conservation law ∂µj
µ = 0 (with
the Einstein summation implied over the Greek indices:
µ = 0, 1, 2, 3↔ t, x, y, z), where
jµ = µναβ∂νn · (∂αn× ∂βn)/8pi. (1)
Here, µναβ is the Levi-Civita symbol with convention
0123 = 1. The conserved (topological) charge within a
bulk Ω is
Q ≡
∫
Ω
dxdydz j0 =
1
8pi
∫
∂Ω
dxj ∧ dxk n · (∂jn× ∂kn),
(2)
which equals the skyrmion number at boundary ∂Ω, ac-
cording to the generalized Stokes’ theorem [40]. We
recognize that the topological charge Q is precisely the
hedgehog number (thus jµ is the hedgehog current) in the
low-temperature regime, with the last equality in Eq. (2)
defining the degree of the S2 → S2 mapping on the
boundary. Our simple example n0 yields j
0 = δ(~r) and
thus Q = 1. At high temperatures, Q is no longer quan-
tized due to fluctuations in the magnitude of n. Regard-
less, the hedgehog current (1) is conserved, which sets
the stage for the topological hydrodynamics of hedgehogs
at an arbitrary temperature. The conservation law also
holds in the lattice limit, with proper discretized defini-
tions [41]. Hereafter, we refer to jµ = (j0, j) as hedgehog
density (and flux), irrespective of the temperature.
Equation (2) establishes a bulk-edge correspondence,
which indicates that the total hedgehog number in a
bulk interior can fluctuate only by flowing in and out
through its boundary. This, in turn, is associated with
a corresponding change in the skyrmion number on the
boundary, acting as a fingerprint of the hedgehog flow.
A close analog in lower dimensions has been thoroughly
studied in the context of superfluid phase slips, where
the winding number associated with one-dimensionalXY
textures can be changed by a transverse passage of pla-
nar vortices. The three-dimensional bulk-edge correspon-
dence (2) manifests when a skyrmion density unwinds
(or, reversely, builds up) as a thread of a hedgehog cur-
rent passes through [33]. These dynamical features are
worth further investigation in both simulations and ex-
periments.
Topological Maxwell equations.—Topological textures
are known to provide fictitious electromagnetic fields that
affect the motion of spin carries such as electrons and
magnons [42–48]. It turns out the emergent electromag-
netic fields from a generic spin texture are closely related
to the aforementioned topological conservation law. The
associated divergence-free condition can be automatically
satisfied by defining the current jµ as a curl of a rank-2
antisymmetric tensor
Fαβ ≡ n · (∂αn× ∂βn)/4pi, (3)
which has six independent components in four dimen-
sions. This is exactly in the form of a Maxwell field-
strength tensor. We recognize the electric field ~E and
the magnetic field B as
F0i ≡ Ei = n · (∂tn× ∂in)/4pi,
Fij ≡ ijkBk = n · (∂in× ∂jn)/4pi. (4)
The hedgehog current (1) can therefore be recast into the
3form of the Maxwell equations:
µναβ∂νFαβ/2 = jµ, ∂µFµν = jνe . (5)
The second equation defines the electric 4-current, which
is also conserved: ∂µj
µ
e = 0, following from the antisym-
metric property of F . These are the topological Maxwell
equations corresponding to the spatiotemporal structures
of the spin texture.
We remark that our fictitious electric and magnetic
charges (as sources for ~E and B) have the same sym-
metries as the real electric and magnetic charges un-
der both time-reversal and parity operations. The mag-
netic hedgehog with a quantized topological charge can
be identified as a Dirac monopole. At low temperatures,
the quantization can also be understood from the view of
the U(1) gauge structure of magnons. For a Heisenberg
magnet, one may regard a fixed spin texture n(~r) to spon-
taneously break the SU(2) symmetry of the spin algebra.
The excitations thus have a smooth part, which can be
viewed as describing regular spin waves, and a (singular)
topological part, such as hedgehogs in our case. There-
fore, the magnetic charges are quantized on a U(1) ker-
nel [42, 45, 50], reminiscent of the ’t Hooft and Polyakov
approaches to the non-Abelian Higgs model [49]. For the
(fictitious) electric sector, both the electric field and the
electric charge density emerge solely out of the dynamics
of the field configuration. According to the Gauss law,
the total electric charge associated with a general local
dynamics vanishes (see Supplemental Material [41] for
electric charge distributions resulted from global dynam-
ics). We restrict our discussion hereafter to the magnetic
part.
Confinement and Deconfinement.—We now turn to
the energetics and physical dynamics of hedgehogs in
Heisenberg magnetic insulators. In the low-temperature
regime, hedgehogs are confined, with the potential en-
ergy of a hedgehog-antihedgehog pair growing linearly
with their separation [53]. One can imagine a string of
tension 4piA tying them, where A is the exchange stiff-
ness of the magnetic material [see Eq. (7) below]. The
confinement is also expected from evaluating the poten-
tial energy of a single hedgehog,
U = 4piAR, (6)
where R is the size of the system. One can directly check
this for n = n0 placed at the origin of a sphere of radius
R. The system could realize an experimentally accessible
analogy to color confinement in QCD [37, 38].
In the past, magnetic monopole confinement in su-
perconductors due to Meissner effect has been proposed
to be an analog of quark confinement [54–58]. There,
monopoles enter a deconfined phase as the tempera-
ture increases, where the superconducting phase (the
symmetry-breaking state) transits to the normal phase
(no symmetry breaking). In the QCD confinement the-
ory (associated with the chiral-symmetry breaking), the
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confined deconfined
FIG. 2. Different phases of hedgehogs. At temperatures above
the Curie temperature TC , hedgehogs and antihedgehogs car-
rying nonquantized topological charges proliferate and be-
come mobile. They are sketched as black and white ripples
respectively. In the low-temperature regime, hedgehogs are
confined by a linear potential analogous to the quark con-
finement in QCD. They become singular quantized objects,
represented by black and white spheres.
so-called quark-gluon plasma [39] is achieved by going to
high temperatures. Similarly, we can deconfine hedge-
hogs by raising the temperature to approach a para-
magnetic regime, where we expect the formation of a
two-component hedgehog-antihedgehog plasma (devoid
of any magnetic charge quantization) as illustrated in
Figs. 1 and 2. The insights the hedgehog confinement
may bring to the QCD confinement problem, are beyond
our present scope and remain to be explored.
We remark that hedgehogs are not always
energy-costly excitations as in Heisenberg magnets.
MnSi1−xGex has a stable phase of a hedgehog-
antihedgehog lattice [27–29], where there is evidence
that four- and six-spin interactions may play an impor-
tant role [59–61]. Here, we formally adopt a nonlocal
term, which is particularly compatible with our ficti-
tious electromagnetic formalism, into our Heisenberg
Hamiltonian:
U =
∫
d3~r
[A
2
(~∇n)2 + C
2
(∂in× ∂jn)2
]
, (7)
where Einstein summation is implied over the i, j and C
is a phenomenological parameter. Other quartic terms,
such as (∇n)4, are also present in principle, but the
above C term is of special interest to us. It resembles
the Maxwell magnetic field energy ∝ B2 (at low temper-
atures, s.t. |n| ≈ 1). The total potential energy for a
hedgehog is thus U ∼ AR − C/R, which indicates that
hedgehogs are free at small distance r  √C/A, where
the Coulombic term dominates. This phenomena mimics
the asymptotic freedom in QCD [37, 38]. Likewise, in a
system of small size, the hedgehog confinement becomes
insignificant when
√C/A is comparable to R.
Biased hedgehog flow.—At the heart of the hedgehog
transport is the (desired) capability of driving and ma-
4nipulating the hedgehog current. As illustrated in Fig. 1,
we achieve this by applying an electric current density
~J = J yˆ in the left metal contact, while structurally
breaking the mirror-reflection symmetry along the z axis.
In this scenario, the symmetry considerations [20, 62–
64] suggest that the contact can exert a long-wavelength
torque (per unit area in the yz plane) on the magnetic
texture, of the form:
τ =
3~λ
8epi
[
( ~J · ∇)n× (~ζ · ∇)n]× n. (8)
Here, λ is a length scale, which depends on the effec-
tive spatial extent within which the torque, as a prox-
imity effect at the interface, is operative, and ~ζ = ζzˆ
is a phenomenologically constructed vector (with the di-
mension of length), which reflects the mirror-symmetry
breaking in the z direction. This torque is nondissipative,
as Θ−1τΘ = τ (where Θ is the time-reversal operation),
and, being isotropic in spin space, does not rely micro-
scopically on the presence of a spin-orbit coupling.
The work (per unit of area and time) done by this
torque upon magnetic dynamics is
P = τ · (n× ∂tn) = ~λ
2e
j · ( ~J × ~ζ), (9)
where we took, for simplicity, the magnitude of the order
parameter to be fixed: |n| = 1. At high temperatures,
where n is strongly fluctuating, a similar result can be ex-
pected, albeit with a renormalized prefactor. Eq. (9) can
also be interpreted as the power density of work done by a
Magnus force on the hedgehog flow j. This provides an ef-
fective boundary bias for the hedgehog flow into the bulk.
Effectively, the electric current in the (left) metal contact
establishes a local chemical potential for the hedgehogs:
µ¯L ≡ δW
δQ =
~λζ
2e
J , (10)
where W is the total work performed by the torque τ .
Nonlocal spin drag.—We are now ready to study the
transport of hedgehogs in the geometry depicted in
Fig. 1. To this end, we operate the system in the high-
temperature regime, such that hedgehogs become mo-
bile, rendering a finite effective hedgehog conductivity σ.
We employ an Ohmic constitutive relation jx = −σ∂xµ
within the magnet. At the left boundary, the chemical
potential for hedgehogs is raised by µ¯L, using an electric
current in the metal lead. At the right terminal, which
serves as the ground, the natural chemical potential van-
ishes, as hedgehogs can freely go in and out through the
right boundary. By invoking the reaction-rate theory
[65], we obtain the hedgehog inflow and outflow at the
left and right boundaries:
jLx = 2γL(µ¯L − µL)/kBT, jRx = 2γRµR/kBT, (11)
in linear response. Here, µL,R ≡ µ(x = 0, L) is the chem-
ical potential at two ends of the magnet, where L is its
length along the x direction. γL,R ∼ νL,Re−E0/kBT is
the equilibrium injection rate of hedgehogs at the respec-
tive boundaries, in terms of the attempt frequencies νL,R
and an effective energy barrier E0 governed by the core
energy. Continuity of the hedgehog flux establishes a
steady-state current
jx =
~J λζ/2e
L/σ + kBT/γ
, (12)
where we have assumed γL = γR = γ for simplicity.
L/σ is the bulk impedance which scales linearly with
the size of the system. The hedgehog conductivity σ
is highly tunable via temperature, from a confined state
with σ → 0 at low temperatures to a state with high
mobility at high temperatures. kBT/γ is the bound-
ary impedance, which is negligible in the thermodynamic
limit. Physically, the above process is analogous to lift-
ing one end of a water pipe (see Fig. 1), which leads to a
natural water flow towards the other end.
The hedgehog current reaching the right terminal ex-
erts a pumping electromotive force on the metal con-
tact [42, 44, 66], which is determined by invoking the
Onsager reciprocity [67]: ~ε = ~λ j × ~ζ/2e. This leads to
a finite nonlocal drag resistivity (whose sign is opposite
to a viscous drag):
% ≡ εJ =
(~λζ/2e)2
L/σ + kBT/γ
, (13)
which is defined as the ratio of the detected voltage (per
unit length) in the y direction at the right contact to the
injected charge current density at the left contact.
At low temperatures, the hedgehog current vanishes
in linear response. Instead, the magnet behaves like a
hedgehog dielectric, which can be polarized by the Mag-
nus force provided by the applied electric current in the
metal contact, like a usual dielectric polarized by an
electric field. This may be observed directly with the
coherent diffractive imaging [34–36] or by testing the
skyrmion and antiskyrmion structure on surfaces at the
two ends [68–70].
Similar to the work on elastic response of skyrmion
crystals [71], one can study the transport feature due to
the elasticity of a hedgehog lattice and its behavior across
the hedgehog-lattice melting transition, in the geometry
of Fig. 1. To this end, the magnetic insulator is replaced
by a hedgehog lattice, which should be experimentally
accessible [27–29].
Discussion.—We have investigated the hydrodynam-
ics of hedgehogs, based on its topological conservation
law. It is shown that hedgehogs assume the role of
Dirac monopoles in a set of topological Maxwell equa-
tions. From the energetic perspective, our theory is rem-
iniscent of the confinement and asymptotic freedom in
QCD. It may thus be interesting to simulate the QCD
problems in lab using magnetic hedgehogs. We have de-
duced a torque, which can energetically bias a hedgehog
5current at high temperatures, from the general symmetry
considerations.
Aside from electric means to drive a hedgehog current,
we can in principle utilize other methods, such as me-
chanical approaches as proposed by Pearl [72], where a
magnetic screw rotating inside a superconducting cylin-
der is used to generate a vortex current radially. The
algebraically decaying nonlocal drag resistivity has been
derived for the setup in Fig. 1. While our discussion
is based on insulating magnets, it applies equally well to
conducting magnets, when the dimension along x is much
larger than the other two dimensions in Fig. 1.
While the symmetry arguments we have invoked apply
to simple ferromagnets, the antiferromagnetic case can be
treated in a similar spirit. The principal difference con-
cerns the space-group transformations that interchange
the antiferromagnetic sublattices, thus flipping the sign
of the (Ne´el) order parameter n. In particular, the torque
(8) vanishes for a simple antiferromagnet with compen-
sated interfaces, where interchange of sublattices can be
accomplished by a simple lattice displacement. On the
other hand, if a mirror reflection in the z direction flips
n, the structural mirror-symmetry breaking is no longer
necessary.
Our study broadens the scope of three-dimensional
spintronics in at least two aspects: Hedgehogs, as
commonly existing topological spin textures in three-
dimensional magnets, are promising to support nonlo-
cal transport in magnetic insulators. The study of the
hedgehog current also offers us a handle to manipulate
two-dimensional skyrmion textures, with various poten-
tial applications in skyrmionics. For example, trans-
verse skyrmion textures and their associated free energy
can be loaded into a chiral magnet by biasing a hedge-
hog flux through it. If the induced skyrmion density
can be preserved at lower temperatures, e.g. by the
Dzyaloshinskii-Moriya interaction, this would provide a
three-dimensional realization of the energy-storage pro-
posal of Ref. [25].
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7Supplementary Material
Topological conservation law of hedgehogs on a lattice
One can introduce the hydrodynamics of hedgehog in the lattice limit. Let us consider a cubic lattice (see Fig. 3).
One can define hedgehog density for every cube, by discretizing ρhed =
3
4pi∂x~n · (∂y~n× ∂z~n), which is
ρhed =
ρsky(up)− ρsky(down)
a
+
ρsky(right)− ρsky(left)
a
+
ρsky(rear)− ρsky(front)
a
, (S1)
where a is the lattice spacing and the definition of the skyrmion density ρsky for every facet is given by (we denote
the facet formed by S1, S2, S3, S4 as ‘down’ and similar notation applies to other facets)
ρsky(down) =
1
8pia2S3
1
2
[
S1 · (S3 × S4) + S1 · (S2 × S3) + S2 · (S3 × S4) + S1 · (S2 × S4)
]
, (S2)
and similarly for the other facets (S is the magnitude of spins). It is straightforward to verify the definition above
reproduce ρsky =
1
4pi~n · (∂x~n × ∂y~n) by coarse graining the magnetic textures. Here, we have averaged two ways of
triangulating the square (see Fig. 3).
Note definition (S1) is total skyrmions density of all six facets (when choosing outwards normal vector as positive
direction). Following from this, we immediately conclude that the Stokes’s theorem also holds at lattice level,∑
all cubes
ρhed = boundary skyrmions, (S3)
where all the inner facets cancel out and only boundary terms are left. Accordingly, for a fixed texture on the
boundary, an arbitrary smooth field in the bulk yields the same net hedgehog number, irrespective of the details of
the dynamics.
One can obtain the expression of the hedgehog flux (for example, the flux through the ’down’ facet) by noting that
xˆ
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yˆ
<latexit sha1_base64="nq5Rq7blpHhwanNwkLF5FJxNFzo=">AAA B7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0II/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2 Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xCzhfkTHSoSCUbRSdzChmGezYbXm1t0FyDrxClKDAq1h9W swilkacYVMUmP6npugn1ONgkk+qwxSwxPKpnTM+5YqGnHj54tzZ+TCKiMSxtqWQrJQf0/kNDImiwLbGVGcmFVvLv7n9VMMb/xcqCRFrthyUZh KgjGZ/05GQnOGMrOEMi3srYRNqKYMbUIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8 AbHBj8o=</latexit><latexit sha1_base64="nq5Rq7blpHhwanNwkLF5FJxNFzo=">AAA B7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0II/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2 Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xCzhfkTHSoSCUbRSdzChmGezYbXm1t0FyDrxClKDAq1h9W swilkacYVMUmP6npugn1ONgkk+qwxSwxPKpnTM+5YqGnHj54tzZ+TCKiMSxtqWQrJQf0/kNDImiwLbGVGcmFVvLv7n9VMMb/xcqCRFrthyUZh KgjGZ/05GQnOGMrOEMi3srYRNqKYMbUIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8 AbHBj8o=</latexit><latexit sha1_base64="nq5Rq7blpHhwanNwkLF5FJxNFzo=">AAA B7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0II/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2 Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xCzhfkTHSoSCUbRSdzChmGezYbXm1t0FyDrxClKDAq1h9W swilkacYVMUmP6npugn1ONgkk+qwxSwxPKpnTM+5YqGnHj54tzZ+TCKiMSxtqWQrJQf0/kNDImiwLbGVGcmFVvLv7n9VMMb/xcqCRFrthyUZh KgjGZ/05GQnOGMrOEMi3srYRNqKYMbUIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8 AbHBj8o=</latexit><latexit sha1_base64="nq5Rq7blpHhwanNwkLF5FJxNFzo=">AAA B7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0II/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2 Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xCzhfkTHSoSCUbRSdzChmGezYbXm1t0FyDrxClKDAq1h9W swilkacYVMUmP6npugn1ONgkk+qwxSwxPKpnTM+5YqGnHj54tzZ+TCKiMSxtqWQrJQf0/kNDImiwLbGVGcmFVvLv7n9VMMb/xcqCRFrthyUZh KgjGZ/05GQnOGMrOEMi3srYRNqKYMbUIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8 AbHBj8o=</latexit>
zˆ
<latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAA B7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNz q7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6l d/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojC VBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fz B7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAA B7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNz q7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6l d/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojC VBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fz B7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAA B7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNz q7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6l d/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojC VBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fz B7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAA B7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNz q7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6l d/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojC VBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fz B7NGj8s=</latexit>
S1
<latexit sha1_base64=" 1L4/HgkXQ4/ZOm6BL1V6riX5UUM=">AAAB6nicdVDLS sNAFJ3UV62vqks3g0VwFTKhjXVXdOOyUvuANpTJdNIO nUzCzEQooZ/gxoUibv0id/6Nk7aCih64cDjnXu69J0g 4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2Q uwopwJ2tZMc9pLJMVRwGk3mF7nfveeSsVicadnCfUjP BYsZARrI7VaQzQsVxy7fllzPQ86tuu5DsoJ8qrIrUFk OwtUwArNYfl9MIpJGlGhCcdK9ZGTaD/DUjPC6bw0SBV NMJniMe0bKnBElZ8tTp3DM6OMYBhLU0LDhfp9IsORUr MoMJ0R1hP128vFv7x+qsO6nzGRpJoKslwUphzqGOZ/w xGTlGg+MwQTycytkEywxESbdEomhK9P4f+k49rIJHNbr TSuVnEUwQk4BecAgQvQADegCdqAgDF4AE/g2eLWo/Vi vS5bC9Zq5hj8gPX2CTwmjcM=</latexit><latexit sha1_base64=" 1L4/HgkXQ4/ZOm6BL1V6riX5UUM=">AAAB6nicdVDLS sNAFJ3UV62vqks3g0VwFTKhjXVXdOOyUvuANpTJdNIO nUzCzEQooZ/gxoUibv0id/6Nk7aCih64cDjnXu69J0g 4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2Q uwopwJ2tZMc9pLJMVRwGk3mF7nfveeSsVicadnCfUjP BYsZARrI7VaQzQsVxy7fllzPQ86tuu5DsoJ8qrIrUFk OwtUwArNYfl9MIpJGlGhCcdK9ZGTaD/DUjPC6bw0SBV NMJniMe0bKnBElZ8tTp3DM6OMYBhLU0LDhfp9IsORUr MoMJ0R1hP128vFv7x+qsO6nzGRpJoKslwUphzqGOZ/w xGTlGg+MwQTycytkEywxESbdEomhK9P4f+k49rIJHNbr TSuVnEUwQk4BecAgQvQADegCdqAgDF4AE/g2eLWo/Vi vS5bC9Zq5hj8gPX2CTwmjcM=</latexit><latexit sha1_base64=" 1L4/HgkXQ4/ZOm6BL1V6riX5UUM=">AAAB6nicdVDLS sNAFJ3UV62vqks3g0VwFTKhjXVXdOOyUvuANpTJdNIO nUzCzEQooZ/gxoUibv0id/6Nk7aCih64cDjnXu69J0g 4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2Q uwopwJ2tZMc9pLJMVRwGk3mF7nfveeSsVicadnCfUjP BYsZARrI7VaQzQsVxy7fllzPQ86tuu5DsoJ8qrIrUFk OwtUwArNYfl9MIpJGlGhCcdK9ZGTaD/DUjPC6bw0SBV NMJniMe0bKnBElZ8tTp3DM6OMYBhLU0LDhfp9IsORUr MoMJ0R1hP128vFv7x+qsO6nzGRpJoKslwUphzqGOZ/w xGTlGg+MwQTycytkEywxESbdEomhK9P4f+k49rIJHNbr TSuVnEUwQk4BecAgQvQADegCdqAgDF4AE/g2eLWo/Vi vS5bC9Zq5hj8gPX2CTwmjcM=</latexit><latexit sha1_base64=" 1L4/HgkXQ4/ZOm6BL1V6riX5UUM=">AAAB6nicdVDLS sNAFJ3UV62vqks3g0VwFTKhjXVXdOOyUvuANpTJdNIO nUzCzEQooZ/gxoUibv0id/6Nk7aCih64cDjnXu69J0g 4U9pxPqzC2vrG5lZxu7Szu7d/UD486qg4lYS2Scxj2Q uwopwJ2tZMc9pLJMVRwGk3mF7nfveeSsVicadnCfUjP BYsZARrI7VaQzQsVxy7fllzPQ86tuu5DsoJ8qrIrUFk OwtUwArNYfl9MIpJGlGhCcdK9ZGTaD/DUjPC6bw0SBV NMJniMe0bKnBElZ8tTp3DM6OMYBhLU0LDhfp9IsORUr MoMJ0R1hP128vFv7x+qsO6nzGRpJoKslwUphzqGOZ/w xGTlGg+MwQTycytkEywxESbdEomhK9P4f+k49rIJHNbr TSuVnEUwQk4BecAgQvQADegCdqAgDF4AE/g2eLWo/Vi vS5bC9Zq5hj8gPX2CTwmjcM=</latexit>
S2
<latexit sha1_base64="RY1w/MXFKoUwmJIxJCzWNk 8BDE4=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaQ2dYrlhm/bLmuC6yTMd1LDsntlu1nRqyTWuBCqzQHJbfB6OYpCGNFO FYyr5tJcrLsFCMcDovDVJJE0ymeEz7mkY4pNLLFqfO0ZlWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqC upexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQITpdMp6RC+PkX/k45j2jqZ22qlcbWKowgncArnYMMFNO AGmtAGAmN4gCd4NrjxaLwYr8vWgrGaOYYfMN4+AT2qjcQ=</latexit><latexit sha1_base64="RY1w/MXFKoUwmJIxJCzWNk 8BDE4=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaQ2dYrlhm/bLmuC6yTMd1LDsntlu1nRqyTWuBCqzQHJbfB6OYpCGNFO FYyr5tJcrLsFCMcDovDVJJE0ymeEz7mkY4pNLLFqfO0ZlWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqC upexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQITpdMp6RC+PkX/k45j2jqZ22qlcbWKowgncArnYMMFNO AGmtAGAmN4gCd4NrjxaLwYr8vWgrGaOYYfMN4+AT2qjcQ=</latexit><latexit sha1_base64="RY1w/MXFKoUwmJIxJCzWNk 8BDE4=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaQ2dYrlhm/bLmuC6yTMd1LDsntlu1nRqyTWuBCqzQHJbfB6OYpCGNFO FYyr5tJcrLsFCMcDovDVJJE0ymeEz7mkY4pNLLFqfO0ZlWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqC upexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQITpdMp6RC+PkX/k45j2jqZ22qlcbWKowgncArnYMMFNO AGmtAGAmN4gCd4NrjxaLwYr8vWgrGaOYYfMN4+AT2qjcQ=</latexit><latexit sha1_base64="RY1w/MXFKoUwmJIxJCzWNk 8BDE4=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaQ2dYrlhm/bLmuC6yTMd1LDsntlu1nRqyTWuBCqzQHJbfB6OYpCGNFO FYyr5tJcrLsFCMcDovDVJJE0ymeEz7mkY4pNLLFqfO0ZlWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqC upexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQITpdMp6RC+PkX/k45j2jqZ22qlcbWKowgncArnYMMFNO AGmtAGAmN4gCd4NrjxaLwYr8vWgrGaOYYfMN4+AT2qjcQ=</latexit>
S3
<latexit sha1_base64="6V3A1KEMsarBQnnx7WL8/5oLNAc=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS 2se6KblxWah/QhjKZTtqhkwczE6GEfoIbF4q49Yvc+TdO2goqeuDC4Zx7ufceP+FMKsv6MFZW19Y3Ngtbxe2d3b390sFhW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb8yXXud+6pkCyO7tQ0oV6IRxELGMFKS83m4HxQKltm7bL quC6yTMd1LDsntluxnSqyTWuOMizRGJTe+8OYpCGNFOFYyp5tJcrLsFCMcDor9lNJE0wmeER7mkY4pNLL5qfO0KlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCmpexKEkVjchiUZBypGKU/42GTFCi+FQTTATTtyIyxgI TpdMp6hC+PkX/k7Zj2jqZ20q5frWMowDHcAJnYMMF1OEGGtACAiN4gCd4NrjxaLwYr4vWFWM5cwQ/YLx9Aj8ujcU=</latexit><latexit sha1_base64="6V3A1KEMsarBQnnx7WL8/5oLNAc=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS 2se6KblxWah/QhjKZTtqhkwczE6GEfoIbF4q49Yvc+TdO2goqeuDC4Zx7ufceP+FMKsv6MFZW19Y3Ngtbxe2d3b390sFhW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb8yXXud+6pkCyO7tQ0oV6IRxELGMFKS83m4HxQKltm7bL quC6yTMd1LDsntluxnSqyTWuOMizRGJTe+8OYpCGNFOFYyp5tJcrLsFCMcDor9lNJE0wmeER7mkY4pNLL5qfO0KlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCmpexKEkVjchiUZBypGKU/42GTFCi+FQTTATTtyIyxgI TpdMp6hC+PkX/k7Zj2jqZ20q5frWMowDHcAJnYMMF1OEGGtACAiN4gCd4NrjxaLwYr4vWFWM5cwQ/YLx9Aj8ujcU=</latexit><latexit sha1_base64="6V3A1KEMsarBQnnx7WL8/5oLNAc=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS 2se6KblxWah/QhjKZTtqhkwczE6GEfoIbF4q49Yvc+TdO2goqeuDC4Zx7ufceP+FMKsv6MFZW19Y3Ngtbxe2d3b390sFhW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb8yXXud+6pkCyO7tQ0oV6IRxELGMFKS83m4HxQKltm7bL quC6yTMd1LDsntluxnSqyTWuOMizRGJTe+8OYpCGNFOFYyp5tJcrLsFCMcDor9lNJE0wmeER7mkY4pNLL5qfO0KlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCmpexKEkVjchiUZBypGKU/42GTFCi+FQTTATTtyIyxgI TpdMp6hC+PkX/k7Zj2jqZ20q5frWMowDHcAJnYMMF1OEGGtACAiN4gCd4NrjxaLwYr4vWFWM5cwQ/YLx9Aj8ujcU=</latexit><latexit sha1_base64="6V3A1KEMsarBQnnx7WL8/5oLNAc=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS 2se6KblxWah/QhjKZTtqhkwczE6GEfoIbF4q49Yvc+TdO2goqeuDC4Zx7ufceP+FMKsv6MFZW19Y3Ngtbxe2d3b390sFhW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb8yXXud+6pkCyO7tQ0oV6IRxELGMFKS83m4HxQKltm7bL quC6yTMd1LDsntluxnSqyTWuOMizRGJTe+8OYpCGNFOFYyp5tJcrLsFCMcDor9lNJE0wmeER7mkY4pNLL5qfO0KlWhiiIha5Iobn6fSLDoZTT0NedIVZj+dvLxb+8XqqCmpexKEkVjchiUZBypGKU/42GTFCi+FQTTATTtyIyxgI TpdMp6hC+PkX/k7Zj2jqZ20q5frWMowDHcAJnYMMF1OEGGtACAiN4gCd4NrjxaLwYr4vWFWM5cwQ/YLx9Aj8ujcU=</latexit>
S4
<latexit sha1_base64="JJhsAuxrW8VWzFzRjq43cv 7DPiQ=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaw+qwXLHM+mXNcV1kmY7rWHZObLdqOzVkm9YCFVihOSy/D0YxSUMaKc KxlH3bSpSXYaEY4XReGqSSJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQylnoa87Q6wm8reXi395/VQF dS9jUZIqGpHloiDlSMUo/xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt9VK42oVRxFO4BTOwYYLaM ANNKENBMbwAE/wbHDj0XgxXpetBWM1cww/YLx9AkCyjcY=</latexit><latexit sha1_base64="JJhsAuxrW8VWzFzRjq43cv 7DPiQ=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaw+qwXLHM+mXNcV1kmY7rWHZObLdqOzVkm9YCFVihOSy/D0YxSUMaKc KxlH3bSpSXYaEY4XReGqSSJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQylnoa87Q6wm8reXi395/VQF dS9jUZIqGpHloiDlSMUo/xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt9VK42oVRxFO4BTOwYYLaM ANNKENBMbwAE/wbHDj0XgxXpetBWM1cww/YLx9AkCyjcY=</latexit><latexit sha1_base64="JJhsAuxrW8VWzFzRjq43cv 7DPiQ=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaw+qwXLHM+mXNcV1kmY7rWHZObLdqOzVkm9YCFVihOSy/D0YxSUMaKc KxlH3bSpSXYaEY4XReGqSSJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQylnoa87Q6wm8reXi395/VQF dS9jUZIqGpHloiDlSMUo/xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt9VK42oVRxFO4BTOwYYLaM ANNKENBMbwAE/wbHDj0XgxXpetBWM1cww/YLx9AkCyjcY=</latexit><latexit sha1_base64="JJhsAuxrW8VWzFzRjq43cv 7DPiQ=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaw+qwXLHM+mXNcV1kmY7rWHZObLdqOzVkm9YCFVihOSy/D0YxSUMaKc KxlH3bSpSXYaEY4XReGqSSJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQylnoa87Q6wm8reXi395/VQF dS9jUZIqGpHloiDlSMUo/xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt9VK42oVRxFO4BTOwYYLaM ANNKENBMbwAE/wbHDj0XgxXpetBWM1cww/YLx9AkCyjcY=</latexit>
S5
<latexit sha1_base64=" SWvkKC0eK+mNcaAlh6IWgXvelW8=">AAAB6nicdVDLS sNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIO nTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+Al nUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej 6WlLOIthVTnPYSQXHoc9r1p9e5372nQrI4ulOzhHohH kcsYAQrLbVaw9qwXLHM+mXNcV1kmY7rWHZObLdqOzVk m9YCFVihOSy/D0YxSUMaKcKxlH3bSpSXYaEY4XReGqS SJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQy lnoa87Q6wm8reXi395/VQFdS9jUZIqGpHloiDlSMUo/ xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt 9VK42oVRxFO4BTOwYYLaMANNKENBMbwAE/wbHDj0Xgx XpetBWM1cww/YLx9AkI2jcc=</latexit><latexit sha1_base64=" SWvkKC0eK+mNcaAlh6IWgXvelW8=">AAAB6nicdVDLS sNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIO nTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+Al nUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej 6WlLOIthVTnPYSQXHoc9r1p9e5372nQrI4ulOzhHohH kcsYAQrLbVaw9qwXLHM+mXNcV1kmY7rWHZObLdqOzVk m9YCFVihOSy/D0YxSUMaKcKxlH3bSpSXYaEY4XReGqS SJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQy lnoa87Q6wm8reXi395/VQFdS9jUZIqGpHloiDlSMUo/ xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt 9VK42oVRxFO4BTOwYYLaMANNKENBMbwAE/wbHDj0Xgx XpetBWM1cww/YLx9AkI2jcc=</latexit><latexit sha1_base64=" SWvkKC0eK+mNcaAlh6IWgXvelW8=">AAAB6nicdVDLS sNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIO nTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+Al nUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej 6WlLOIthVTnPYSQXHoc9r1p9e5372nQrI4ulOzhHohH kcsYAQrLbVaw9qwXLHM+mXNcV1kmY7rWHZObLdqOzVk m9YCFVihOSy/D0YxSUMaKcKxlH3bSpSXYaEY4XReGqS SJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQy lnoa87Q6wm8reXi395/VQFdS9jUZIqGpHloiDlSMUo/ xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt 9VK42oVRxFO4BTOwYYLaMANNKENBMbwAE/wbHDj0Xgx XpetBWM1cww/YLx9AkI2jcc=</latexit><latexit sha1_base64=" SWvkKC0eK+mNcaAlh6IWgXvelW8=">AAAB6nicdVDLS sNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIO nTyYmQgl9BPcuFDErV/kzr9x0lZQ0QMXDufcy733+Al nUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej 6WlLOIthVTnPYSQXHoc9r1p9e5372nQrI4ulOzhHohH kcsYAQrLbVaw9qwXLHM+mXNcV1kmY7rWHZObLdqOzVk m9YCFVihOSy/D0YxSUMaKcKxlH3bSpSXYaEY4XReGqS SJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQy lnoa87Q6wm8reXi395/VQFdS9jUZIqGpHloiDlSMUo/ xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt 9VK42oVRxFO4BTOwYYLaMANNKENBMbwAE/wbHDj0Xgx XpetBWM1cww/YLx9AkI2jcc=</latexit>
S6
<latexit sha1_base64="64CxtQ6NVTbECpLduVCsB7 0SnDw=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaQ3dYrlhm/bLmuC6yTMd1LDsntlu1nRqyTWuBCqzQHJbfB6OYpCGNFO FYyr5tJcrLsFCMcDovDVJJE0ymeEz7mkY4pNLLFqfO0ZlWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqC upexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQITpdMp6RC+PkX/k45j2jqZ22qlcbWKowgncArnYMMFNO AGmtAGAmN4gCd4NrjxaLwYr8vWgrGaOYYfMN4+AUO6jcg=</latexit><latexit sha1_base64="64CxtQ6NVTbECpLduVCsB7 0SnDw=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaQ3dYrlhm/bLmuC6yTMd1LDsntlu1nRqyTWuBCqzQHJbfB6OYpCGNFO FYyr5tJcrLsFCMcDovDVJJE0ymeEz7mkY4pNLLFqfO0ZlWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqC upexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQITpdMp6RC+PkX/k45j2jqZ22qlcbWKowgncArnYMMFNO AGmtAGAmN4gCd4NrjxaLwYr8vWgrGaOYYfMN4+AUO6jcg=</latexit><latexit sha1_base64="64CxtQ6NVTbECpLduVCsB7 0SnDw=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaQ3dYrlhm/bLmuC6yTMd1LDsntlu1nRqyTWuBCqzQHJbfB6OYpCGNFO FYyr5tJcrLsFCMcDovDVJJE0ymeEz7mkY4pNLLFqfO0ZlWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqC upexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQITpdMp6RC+PkX/k45j2jqZ22qlcbWKowgncArnYMMFNO AGmtAGAmN4gCd4NrjxaLwYr8vWgrGaOYYfMN4+AUO6jcg=</latexit><latexit sha1_base64="64CxtQ6NVTbECpLduVCsB7 0SnDw=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaQ3dYrlhm/bLmuC6yTMd1LDsntlu1nRqyTWuBCqzQHJbfB6OYpCGNFO FYyr5tJcrLsFCMcDovDVJJE0ymeEz7mkY4pNLLFqfO0ZlWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqC upexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQITpdMp6RC+PkX/k45j2jqZ22qlcbWKowgncArnYMMFNO AGmtAGAmN4gCd4NrjxaLwYr8vWgrGaOYYfMN4+AUO6jcg=</latexit>
S7
<latexit sha1_base64="IHmxRq1B5blXDmy4rcKrz3Zq33k=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS 0ad0V3bis1D6gDWUynbRDJw9mJkIJ/QQ3LhRx6xe582+ctBVU9MCFwzn3cu89fsKZVJb1Yaytb2xubRd2irt7+weHpaPjjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe360+vc795TIVkc3alZQr0QjyMWMIKVllqtYW1YKltm/bL quC6yTMd1LDsntluxnSqyTWuBMqzQHJbeB6OYpCGNFOFYyr5tJcrLsFCMcDovDlJJE0ymeEz7mkY4pNLLFqfO0blWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqCupexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQI TpdMp6hC+PkX/k45j2jqZ20q5cbWKowCncAYXYEMNGnADTWgDgTE8wBM8G9x4NF6M12XrmrGaOYEfMN4+AUU+jck=</latexit><latexit sha1_base64="IHmxRq1B5blXDmy4rcKrz3Zq33k=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS 0ad0V3bis1D6gDWUynbRDJw9mJkIJ/QQ3LhRx6xe582+ctBVU9MCFwzn3cu89fsKZVJb1Yaytb2xubRd2irt7+weHpaPjjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe360+vc795TIVkc3alZQr0QjyMWMIKVllqtYW1YKltm/bL quC6yTMd1LDsntluxnSqyTWuBMqzQHJbeB6OYpCGNFOFYyr5tJcrLsFCMcDovDlJJE0ymeEz7mkY4pNLLFqfO0blWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqCupexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQI TpdMp6hC+PkX/k45j2jqZ20q5cbWKowCncAYXYEMNGnADTWgDgTE8wBM8G9x4NF6M12XrmrGaOYEfMN4+AUU+jck=</latexit><latexit sha1_base64="IHmxRq1B5blXDmy4rcKrz3Zq33k=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS 0ad0V3bis1D6gDWUynbRDJw9mJkIJ/QQ3LhRx6xe582+ctBVU9MCFwzn3cu89fsKZVJb1Yaytb2xubRd2irt7+weHpaPjjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe360+vc795TIVkc3alZQr0QjyMWMIKVllqtYW1YKltm/bL quC6yTMd1LDsntluxnSqyTWuBMqzQHJbeB6OYpCGNFOFYyr5tJcrLsFCMcDovDlJJE0ymeEz7mkY4pNLLFqfO0blWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqCupexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQI TpdMp6hC+PkX/k45j2jqZ20q5cbWKowCncAYXYEMNGnADTWgDgTE8wBM8G9x4NF6M12XrmrGaOYEfMN4+AUU+jck=</latexit><latexit sha1_base64="IHmxRq1B5blXDmy4rcKrz3Zq33k=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS 0ad0V3bis1D6gDWUynbRDJw9mJkIJ/QQ3LhRx6xe582+ctBVU9MCFwzn3cu89fsKZVJb1Yaytb2xubRd2irt7+weHpaPjjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe360+vc795TIVkc3alZQr0QjyMWMIKVllqtYW1YKltm/bL quC6yTMd1LDsntluxnSqyTWuBMqzQHJbeB6OYpCGNFOFYyr5tJcrLsFCMcDovDlJJE0ymeEz7mkY4pNLLFqfO0blWRiiIha5IoYX6fSLDoZSz0NedIVYT+dvLxb+8fqqCupexKEkVjchyUZBypGKU/41GTFCi+EwTTATTtyIywQI TpdMp6hC+PkX/k45j2jqZ20q5cbWKowCncAYXYEMNGnADTWgDgTE8wBM8G9x4NF6M12XrmrGaOYEfMN4+AUU+jck=</latexit>
S8
<latexit sha1_base64="aXzra6npCTHi00OWTliUhd r5y9c=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaw/qwXLHM+mXNcV1kmY7rWHZObLdqOzVkm9YCFVihOSy/D0YxSUMaKc KxlH3bSpSXYaEY4XReGqSSJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQylnoa87Q6wm8reXi395/VQF dS9jUZIqGpHloiDlSMUo/xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt9VK42oVRxFO4BTOwYYLaM ANNKENBMbwAE/wbHDj0XgxXpetBWM1cww/YLx9AkbCjco=</latexit><latexit sha1_base64="aXzra6npCTHi00OWTliUhd r5y9c=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaw/qwXLHM+mXNcV1kmY7rWHZObLdqOzVkm9YCFVihOSy/D0YxSUMaKc KxlH3bSpSXYaEY4XReGqSSJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQylnoa87Q6wm8reXi395/VQF dS9jUZIqGpHloiDlSMUo/xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt9VK42oVRxFO4BTOwYYLaM ANNKENBMbwAE/wbHDj0XgxXpetBWM1cww/YLx9AkbCjco=</latexit><latexit sha1_base64="aXzra6npCTHi00OWTliUhd r5y9c=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaw/qwXLHM+mXNcV1kmY7rWHZObLdqOzVkm9YCFVihOSy/D0YxSUMaKc KxlH3bSpSXYaEY4XReGqSSJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQylnoa87Q6wm8reXi395/VQF dS9jUZIqGpHloiDlSMUo/xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt9VK42oVRxFO4BTOwYYLaM ANNKENBMbwAE/wbHDj0XgxXpetBWM1cww/YLx9AkbCjco=</latexit><latexit sha1_base64="aXzra6npCTHi00OWTliUhd r5y9c=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiShjXVXdOOyUvuANpTJdNIOnTyYmQgl9BPcuFDErV/kzr 9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1 p9e5372nQrI4ulOzhHohHkcsYAQrLbVaw/qwXLHM+mXNcV1kmY7rWHZObLdqOzVkm9YCFVihOSy/D0YxSUMaKc KxlH3bSpSXYaEY4XReGqSSJphM8Zj2NY1wSKWXLU6dozOtjFAQC12RQgv1+0SGQylnoa87Q6wm8reXi395/VQF dS9jUZIqGpHloiDlSMUo/xuNmKBE8ZkmmAimb0VkggUmSqdT0iF8fYr+Jx3HtHUyt9VK42oVRxFO4BTOwYYLaM ANNKENBMbwAE/wbHDj0XgxXpetBWM1cww/YLx9AkbCjco=</latexit>
x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/k zX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmM y+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/k zX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmM y+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/k zX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmM y+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/k zX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmM y+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>
y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8 +W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMv uaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8 +W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMv uaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8 +W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMv uaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8 +W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMv uaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>
S1
<latexit sha1_base64="TF73DO+/a0qiR5HKGoe/eBOCNr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2Rx4g3LFrboLkHXi5aQCORqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEB OT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP9NDjXs=</latexit><latexit sha1_base64="TF73DO+/a0qiR5HKGoe/eBOCNr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2Rx4g3LFrboLkHXi5aQCORqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEB OT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP9NDjXs=</latexit><latexit sha1_base64="TF73DO+/a0qiR5HKGoe/eBOCNr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2Rx4g3LFrboLkHXi5aQCORqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEB OT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP9NDjXs=</latexit><latexit sha1_base64="TF73DO+/a0qiR5HKGoe/eBOCNr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2Rx4g3LFrboLkHXi5aQCORqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEB OT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP9NDjXs=</latexit>
S2
<latexit sha1_base64="80m6n5PDVYdXZSas7IYeWAgaQkU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpIC Ym87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDUx418</latexit><latexit sha1_base64="80m6n5PDVYdXZSas7IYeWAgaQkU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpIC Ym87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDUx418</latexit><latexit sha1_base64="80m6n5PDVYdXZSas7IYeWAgaQkU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpIC Ym87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDUx418</latexit><latexit sha1_base64="80m6n5PDVYdXZSas7IYeWAgaQkU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpIC Ym87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDUx418</latexit>
S3
<latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/k zX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpIC Yms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/k zX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpIC Yms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/k zX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpIC Yms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/k zX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpIC Yms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit>
S4
<latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpIC Ym87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpIC Ym87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpIC Ym87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/I m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpIC Ym87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit>
FIG. 3. The spin cubic lattice (left panel) described by an arbitrary Hamiltonian H (we only show one cube). Si is the spin
operator at site i. Hedgehog density (S1) can be defined for every cube and hedgehog flux (S4) can be defined for every facet,
which together satisfy the continuity equation (S6), irrespective of the form of H. Skyrmion density (S2) can be defined for
every facet, for example the bottom facet (right panel).
8jzhed(down) = −∂tρsky(down), which yields
jzhed(down) =
1
8pia2S3
1
2
[
∂tS1 ·
(
S4 × S3 + S3 × S2 + S4 × S2
)
+ ∂tS2 ·
(
S4 × S3 + S1 × S3 + S1 × S4
)
+ ∂tS3 ·
(
S1 × S4 + S2 × S4 + S2 × S1
)
+ ∂tS4 ·
(
S3 × S1 + S3 × S2 + S2 × S1
)]
, (S4)
and similarly for flux of other facets [one can check this definition reproduces jzhed =
3
4pi∂t~n · (∂y~n× ∂x~n) after coarse
graining]. The time derivative should be understood to denote the Heisenberg commutator:
∂tS ≡ 1
i~
[S,H], (S5)
for any (time-independent) spin operator S, where H is the Hamiltonian.
With this definition, we can verify the hedgehog density and flux we defined above satisfy the continuity equation:
∂tρhed +
jzhed(up)− jzhed(down) + jzhed(right)− jzhed(left) + jzhed(rear)− jzhed(front)
a
= 0. (S6)
We emphasize that the conservation law (S6) holds at quantum level (also in the classical limit), irrespective of the
form of the Hamiltonian. This indicates that (S6) is topological and is not rooted in any specific symmetry of the
system.
Electric charge distribution for global dynamics
For a translational motion, n(~r, t) = n0(x, y, z−vt), which describes a hedgehog sliding along the z axis with speed
v, Eq. (4) yields
~E =
v(−y, x, 0)
4pir3
. (S7)
This is precisely the Ampe`re law for magnetic monopole, while the electric charge density vanishes: j0e = ∇ · ~E = 0.
For a rotational motion, we take the example of n(~r, t) = n0[Rˆ(ωt)~r], which describes a hedgehog rotating with
angular velocity ω = ωzˆ (equivalent to precession in spin space), where Rˆ is the appropriate rotational matrix. This
configuration yields a charge density with finite dipole moment proportional to the angular velocity:
j0e = −
3ω
4pi
z3
r5
. (S8)
The total electric charge remains zero in this example of an isotropic hedgehog configuration, but can be nonzero for a
general rotating configuration, where the dynamic relation, j0e ∝ ω, remains. Therefore, if there is no overall rotation
on thermal average, only the magnetic part jµ—hedgehog hydrodynamics—survives.
